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E-mail address: fyang0@engr.uky.edu (F. Yang).Three-dimensional ﬁnite element analysis was used to study the effect of the angle between the loading
direction and the axisymmetric direction on the indentation behavior of a transversely isotropic piezo-
electric half-space by a cylindrical indenter of ﬂat end. Two cases were considered in the analysis, which
included (a) the indentation by an insulating indenter, and (b) the indentation by a conducting indenter.
Both the indentation load and the indentation-induced potential were found to be proportional to the
indentation depth. Using the simulation results and the analytical relationship for the indentation by a
rigid, insulating indenter, semi-analytical relationships were developed between the indentation load
and the indentation depth and between the indentation-induced potential on the indenter and the inden-
tation depth for the conducting indenter, respectively. The proportionality between the indentation-
induced potential and the indentation depth is only a function of the angle between the loading direction
and the poling direction, independent of the type of indenters, which may be used to measure the relative
direction of the loading axis to the axisymmetric axis of transversely piezoelectric materials from the
indentation test.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
With the extensive applications of piezoelectric materials in
sensors, actuators, and smart structures of small volume, there is
a great need to understand the electromechanical behavior of pie-
zoelectric materials for quality control and performance predic-
tion. Various techniques have been developed to characterize
mechanical properties of materials, which include indentation
technique (Alguero et al., 2001; Kamble et al., 2009; Nili et al.,
2013; Ramamurty et al., 1999; Rar et al., 2006; Song et al., 2012;
Sridhar et al., 1999; Wong and Zeng, 2008; Yang, 2008a; Yang
and Dang, 2009; Zhao et al., 2012), piezoresponse force microscopy
(Dunn and Whatmore, 2001; Kalinin et al., 2004; Schneider et al.,
2005; Yang, 2008a), and atomic force microscopy (Schneider
et al., 2005; Yang, 2008a; Zeng et al., 2011). In the heart of the con-
tact technique is the relationship between the indentation load and
the indentation depth, which depends on the properties of materials.
Matysiak (1985) was the ﬁrst to analyze the axisymmetric con-
tact of a transversely isotropic piezoelectric half-space. Giannako-
poulos and Suresh (1999) used Matysiak’s approach (1985) to
present a general solution for the axisymmetric indentation of a
transversely isotropic piezoelectric half-space. Using the potential
theory, Ding et al. (2000) obtained analytical solutions of the stressll rights reserved.
: +1 859 323 1929.and electric ﬁelds for the indentation of a transversely isotropic
piezoelectric half-space by a spherical indenter, a conical indenter,
and an upright circular ﬂat indenter. Yang (2004) studied the elec-
tromechanical coupling between a compliant surface electrode and
a transversely isotropic piezoelectric half-space. Yang (2008b) ob-
tained the contact stiffness, effective piezoelectric constant and
electric displacement intensity factor for the axisymmetric inden-
tation of a semi-inﬁnite piezoelectric material by a rigid, conduct-
ing indenter of arbitrary-axisymmetric proﬁle. Wang and Chen
(2011) considered the indentation response of a piezoelectric ﬁlm
bonded to an elastic substrate by an axisymmetrical indenter and
reduced the indentation problem to the solution of a dual integral
equation. Wu et al. (2012) reduced the solution for the indentation
of a piezoelectric ﬁlm on an elastic ﬁlm to a Fredholm integral
equation of the second kind and solved the problem numerically.
Due to the complexity of electromechanical interaction, ﬁnite
element methods have been used to analyze the contact deforma-
tion of piezoelectric materials. Wang and Han (2006) analyzed the
indentation of a piezoelectric layer by a ﬂat-ended cylindrical in-
denter and numerically simulated the deformation of the piezo-
electric layer indented. Giannakopoulos (2000) incorrectly used
zero electric potential on the axisymmetric axis in the ﬁnite ele-
ment analysis of the spherical indentation of piezoelectric materi-
als. Kamble et al. (2009) applied the same condition used by
Giannakopoulos (2000) in the ﬁnite element analysis of the
spherical indentation of polycrystalline PZT-4. Liu and Yang
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face electric conditions on the spherical indentation of transversely
isotropic piezoelectric materials without applying electric condi-
tion to the axisymmetric axis. Using axisymmetric and 3-D ﬁnite
element simulations, Zhao (2011) recently studied the effect of
poling direction and indenter size on the indentation of PZT-5H by
a ﬂat-ended cylindrical indenter in which only one case with the
indentation direction being not parallel to the poling direction was
shown. No detailed study was given to the effect of crystal
orientation.
It is worth mentioning piezoelectric ceramics are brittle and it
will be difﬁcult to indent them without creating surface cracks.
Ramamurty et al. (1999) assumed elastic response of the indenta-
tionof PZT-4 andused the loadingcurves tomeasure the indentation
stiffness. There is only about 10–15% difference between the mea-
sured results and the calculation results. Their results suggest that
it is possible to use the indentation loading curve to approximately
determine the mechanical properties of piezoelectric ceramics.
Piezoelectric interaction depends on crystal orientation, and the
effect of material anisotropy on indentation response requires de-
tailed study. When the direction of indentation loading is not
aligned with the poling direction, axisymmetric analysis cannot
sufﬁce. Asymmetric analysis is needed to understand the effect of
material anisotropy including stiffness and piezoelectric responses
associated with crystal orientation. Three-dimensional ﬁnite ele-
ment analysis has been widely used for investigating anisotropic
structures (Cox et al., 1994; Cheng and Venkatesh, 2012) in which
analytical solutions are deﬁcient. In this work, three-dimensional
ﬁnite element analysis of the Boussinesq indentation of trans-
versely isotropic piezoelectric materials is performed. The study
is aimed at analyzing the effect of material anisotropy on the rela-
tionship between indentation load and indentation depth and that
between indentation-induced potential and indentation depth.
2. Problem formulation and ﬁnite element model
For transversely isotropic piezoelectric materials, the constitu-
tive relations are
rij ¼ CEijklekl  eijkEk ð1Þ
Di ¼ eiklekl þ 2EijEj ð2Þ
where rij (i, j = 1, 2, 3) are the components of stress tensor, eij are
the components of strain tensor, Di are the components of electric
displacement vector, Ei are the components of electric ﬁeld inten-
sity, CEijkl are the components of the elastic stiffness tensor measured
in a constant electric ﬁeld intensity, eijk are the components of the
piezoelectric tensor measured in possession of a spontaneous elec-
tric ﬁeld and 2Eij are the components of dielectric tensor. The rela-
tion between the components of the strain tensor eij and the
components of the displacement vector ui is
eij ¼ 12
@ui
@xj
þ @uj
@xi
 
ð3Þ
and the relation between the components of the electric ﬁeld
intensity Ei and electric potential / is
Ei ¼  @/
@xi
ð4Þ
The equilibrium equations are
X3
j¼1
@rij
@xj
¼ 0 ði ¼ 1;2;3Þ ð5Þ
Without any free electric charge in the piezoelectric material,
there is@D1
@x1
þ @D2
@x2
þ @D3
@x3
¼ 0 ð6Þ
Consider the indentation of a linear piezoelectric half-space
(z > 0) by a rigid, cylindrical indenter of ﬂat end. The loading direc-
tion is parallel to the surface normal of the piezoelectric material,
and let the angle between the loading direction and the poling
direction (axisymmetric axis) be h.
The mechanical boundary conditions for the indentation are
rrzðr; #;0Þ ¼ 0 ð7Þ
rzzðr; #;0Þ ¼ 0 for r > a ð8Þ
uzðr; #;0Þ ¼ d for r < a ð9Þ
where d is the indentation depth, and a is the contact radius the
same as the radius of the indenter. Eq. (7) represents frictionless
contact between the indenter and the piezoelectric material, and
Eq. (8) indicates stress-free condition outside the contact zone.
The indentation load, F, can be calculated from the force balance
on the indenter as
F ¼ 
Z 2p
0
Z a
0
rzzðr; #;0Þrdrd# ð10Þ
where # is the azimuth angle between a reference line and the r-
axis.
The conditions at inﬁnity require
urðr;#;zÞ¼uzðr;#;zÞ¼0 and /ðr;#;zÞ¼0 for
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2þz2
p
!1 ð11Þ
Two types of indenters are used in the analysis. They are as
follows.
Case I. Insulating indenter
The electric boundary condition on the surface of the piezoelec-
tric material for the indentation by an insulating indenter is
Dzðr; #;0Þ ¼ 0 for r P 0 ð12Þ
where Dz is the z-component of the electric displacement vector.
Case II. Conducting indenter
According to the direct piezoelectric effect, the indentation
deformation will create an electric ﬁeld in the piezoelectric mate-
rial and a uniform electric potential over the contact zone by a con-
ducting indenter (Liu and Yang, 2012). The electric potential is
dependent on the indentation depth to be determined from solving
the indentation deformation. The electric boundary conditions on
the surface of the piezoelectric material are
Dzðr; #;0Þ ¼ 0 for r > a ð13Þ
/ðr; #;0Þ ¼ /c for r < a ð14Þ
with /c being the indentation-induced electric potential on the
indenter, which is to be determined from solving the contact
deformation.
In the simulation, transversely isotropic piezoelectric materials
are used since most polycrystalline, poled piezoelectric materials
conform to this symmetry group (Ramamurty et al., 1999). Table 1
lists the material properties used in the simulation, which are ref-
erenced to the intrinsic material coordinate with the poling direc-
tion the same as the axisymmetric axis of the materials. Note that
both elastic constants and piezoelectric constants are presented in
the matrix form instead of the tensor form.
The analysis of the indentation deformation uses the large
elastoplastic feature of the ABAQUS ﬁnite element code. The con-
tact radius, a, between the indenter and the piezoelectric material
is 100 nm. The piezoelectric material is modeled as a cylinder with
1000 nm in height and 1000 nm in radius, which is 10 times
the contact radius. Under such a geometrical condition, the
Table 1
Material properties of transversely isotropic piezoelectric ceramics.
Elastic constant (1010 N/m2) Piezoelectric constant (C/m2) Dielectric constant (1010 C/V m)
c11 c12 c13 c33 c44 e31 e33 e15 211 233
PZT-4 [28, 29] 13.9 7.78 7.43 11.3 2.56 6.98 13.84 13.44 60.0 54.7
BaTiO3 [15 ] 16.6 7.66 7.75 16.2 4.29 4.4 18.6 11.6 111.51 125.67
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nite. To avoid possible convergence problems arising from the
sharp edge of the indenter, a rigid indenter with a ﬂat end but
around edge of 0.2 nm in radius is used, whose effect is negligible
because of the ratio of the radius of the rounded edge to the diam-
eter of the indenter being less than 1% (Yang, 1998). The ﬁnite ele-
ment mesh, shown in Fig. 1, consists of 36,297 8-node linear
piezoelectric bricks with mesh reﬁnement around the contact zone.
The indenter is modeled as a rigid surface, and the contact be-
tween the indenter and the piezoelectric material is assumed as
frictionless. The bottom surface of the piezoelectric material is
ﬁxed and electrically grounded. Displacement-controlled indenta-
tion is used in the simulation. The indenter is gradually pushed
onto the surface of the piezoelectric material to a preset depth,
and then it is withdrawn until the load on the indenter becomes
zero.Fig. 2. Dependence of the indentation load on the indentation depth for the
indentation of PZT-4 with various angles between the loading direction and the
poling direction.3. Results and discussion
3.1. Load–displacement relationship
From the indentation load–displacement curves, one can deter-
mine the contact stiffness and the contact modulus, which depend
on the material properties. Fig. 2 shows the variation of the inden-
tation load with the indentation depth for the indentation of PZT-4
with various angles between the loading direction and the axisym-
metric axis (the poling direction). The indentation load increases
linearly with increasing the indentation depth, independent of
the angle h, while the ratio of F/d depends on the angle h and the
type of indenters. It is interesting to note that the ratio of the
indentation load to the indentation depth, F/d, for h ¼ 0o is inde-
pendent of the type of indenters, i.e. the indentation by a conduct-
ing indenter (case II) or by an insulating indenter (case I) produces
the same indentation load–displacement curves when the loading
direction is parallel to the axisymmetric axis.
Wang et al. (2008) had summarized the relationship between
the indentation load and the indentation depth for the
axisymmetric indentation of transversely isotropic piezoelectric
semi-inﬁnite materials by an insulating indenter of ﬂat end, which
corresponds to the condition of h ¼ 0o. The dependence of the
indentation load on the indentation displacement can be expressed
as (Giannakopoulos and Suresh, 1999; Wang et al., 2008)Fig. 1. Finite element mesh for the indentation of a piezoelectric half-space.F ¼ 4adM6M7 M5M8
M1M8 M2M7 ð15Þ
where Mi ði ¼ 1;2; . . . ;8Þ are dependent on the material properties
of the piezoelectric material (Giannakopoulos and Suresh, 1999;
Wang et al., 2008). Using the data in Table 1, one can obtain the
dependence of the indentation load on the indentation depth as
F ¼ 22:864 1010ad in which the unit of a and d is millimeter and
the unit of F is Newton. For the same indentation depth, the percent
difference of the indentation load between the results calculated
from the ﬁnite element analysis and the analytical results is 7%,
suggesting that the ﬁnite element mesh is good enough for the
three-dimensional analysis of the Boussinesq indentation of a trans-
versely isotropic piezoelectric material.
Fig. 3 shows the variation of the ratio F/dwith the angle h for the
indentation of PZT-4 by conducting and insulating indenters. Inde-
pendent of the type of indenters, the ratio starts with a maximum
value at h = 0, decreases to the minimum value at h = 90, and then
increases to the maximum value at h = 180. The indentation re-
sponse, i.e. the ratio of F/d, follows the same behavior for the angle
of h in range of 180–360. Generally, the ratio for the indentation
by an insulating indenter is larger than that by a conducting
indenter.
The simulation results for the indentation deformation of
BaTiO3 is also included in Fig. 3 for the variation of F/dwith h. Obvi-
ously the dependence of F/d on h follows a similar trend. Thus, one
might suggest that such behavior also applies to other transversely
isotropic piezoelectric materials, and the relationship between the
ratio of F/d and h (in the unit of degree) can be expressed as
F
d
¼ 4aM6M7 M5M8
M1M8 M2M7 f ðh; cij; eij;2ijÞ ð16Þ
with f ðh; cij; eij;2ijÞ as
f ðh; cij; eij;2ijÞ ¼ aþ b cosph90 ð17Þ
Fig. 3. Variation of the ratio of F/d with the angle h for PZT-4 and BaTiO3. Fig. 4. Dependence of the indentation-induced electric potential at the contact
center on the indentation depth for the indentation of PZT-4 with various angles
between the loading direction and the poling direction.
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piezoelectric material at h = 45 and b is a constant dependent on
material properties and electric boundary conditions. Table 2 lists
the values of a and b for the materials of PZT-4 and BaTiO3, which
are obtained from the best curve-ﬁtting. Note that aþ b ¼ 1 in ac-
cord with Eq. (17) at h = 0.
From Eq. (16), the contact stiffness for the indentation of a
transversely isotropic piezoelectric half-space by a rigid, cylindri-
cal indenter of ﬂat end can be calculated as
dF
dd
¼ 4aM6M7 M5M8
M1M8 M2M7 aþ b cos
ph
90
 
¼ 4
ﬃﬃﬃ
A
p
r
M6M7 M5M8
M1M8 M2M7 aþ b cos
ph
90
 
ð18Þ
where A is the contact area. The contact stiffness is proportional to
the square root of the contact area, and the proportionality is
dependent on the piezoelectric properties of materials and the elec-
tric boundary conditions. Eq. (18) is the same as that for the inden-
tation by a rigid, spherical indenter when h = 0 (Giannakopoulos
and Suresh, 1999; Wang et al., 2008).-0.5
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33.2. Electric potential–displacement relationship
The variation of the indentation-induced electric potential at
the contact center with the indentation depth is shown in Fig. 4
for the indentation of PZT-4 with various angles between the load-
ing direction and the axisymmetric axis (the poling direction). Note
that the electric potential within the contact region for the inden-
tation by the conducing indenter is not pre-determined and is the
same as the indentation-induced potential on the indenter. The
indentation-induced potential linearly increases with increasing
the indentation depth. For the same indentation depth, there is
no difference between the indentation-induced potential in the
contact zone by a rigid, conducting indenter and that at the contactTable 2
Numerical values of a and b for the materials of PZT-4 and BaTiO3.
a b
PZT-4 (IP) 0.954 0.046
PZT-4 (CP) 0.94 0.06
BaTiO3 (IP) 0.954 0.046
BaTiO3 (CP) 0.948 0.052center by a rigid, insulating indenter for all the angles shown in
Fig. 4.
Fig. 5 shows the variation of the ratio /(0,0)/d with the angle h
for the indentation of PZT-4 by conducting and insulating inden-
ters. Obviously, the indentation-induced potential at the contact
center by the rigid, insulating indenter is the same as the indenta-
tion-induced potential on the conducting indenter. The reason can
be explained by the closed-form solution of the electric potential
that insulating indenter creates a constant electric potential inside
the contact area for ﬂat-ended indenter (Giannakopoulos and Sur-
esh, 1999; Wang et al., 2008), which is just the same electric poten-
tial constraint as that for the conducting indenter. For the
indentation of a transversely isotropic piezoelectric half-space by
a rigid, insulating indenter, the indentation-induced potential over
the contact zone for h = 0 can be expressed as (Giannakopoulos
and Suresh, 1999; Wang et al., 2008)
/ ¼ dM3M8 M4M7
M1M8 M2M7 for r < a ð19Þ
which is independent of the radial variable and satisﬁes the condi-
tion of Eq. (14). This suggests that the indentation-induced poten-
tial by a rigid, cylindrical indenter of ﬂat end is insensitive to the-1.5
-1
0 60 120 180 240 300 360
Insultaing
Conducting
θ (o)
PZT-4
Fig. 5. Variation of the ratio of //d with the angle h for PZT-4 and BaTiO3.
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indentation-induced potential on the conducting indenter of ﬂat
end for the axisymmetric indentation of a transversely isotropic
piezoelectric half-space. It is worth mentioning that the uniform
distribution of the electric potential over the contact area for the
indentation by an insulating indenter of ﬂat end only occurs for
h = 0.
As shown in Fig. 5, the ratio /(0,0)/d starts with a maximum va-
lue at h = 0, decreases to the minimum value at h = 180, and then
increases to the maximum value at h = 360. The simulation results
for the indentation deformation of BaTiO3 are also included in
Fig. 5 for the variation of /(0,0)/d with h. Obviously the variation
of //d with h follows a similar trend as that for the indentation
of PZT-4. Thus, such behavior might also apply to other trans-
versely piezoelectric materials. Note that the sign of the ratio //d
changes from a positive value to a negative value when the relative
direction between the poling direction and the loading direction
changes from 0 to 180; and the ratio /(0,0)/d is zero at h = 90
and 270. As expected, the indentation-induced potential with
the loading direction opposite to the poling direction has the same
absolute magnitude as that with the loading direction the same as
the poling direction. This is because the piezoelectric constants re-
verse their sign while the elastic and dielectric constants remain
unaltered due to polarization switching (Kamble et al., 2009).
Based on the discussion, one can express the relationship between
the ratio of //d and h (in the unit of degree) for the indentation by a
rigid, conducting indenter of ﬂat end as
/
d
¼ M3M8 M4M7
M1M8 M2M7 cos
ph
180
for r < a ð20Þ
which can be used to quantify the relative direction between the
loading axis and the poling direction from the indentation test.
Understanding the contact deformation of piezoelectric materi-
als represents an important research topic in improving the struc-
tural applications of piezoelectric materials. As the contact size
decreases to submicron scale, contact adhesion likely becomes
important. Using the Dugdale model, Chen and Yu (2005) studied
the adhesive contact between a rigid spherical indenter and a pie-
zoelectric half-space. Rogowski and Kalinski (2007) analyzed the
adhesive contact between a rigid indenter of ﬂat end and a piezo-
electric half-space. Guo and Jin (2009) examined the two-dimen-
sional adhesive contact between a transversely isotropic half-
space and a rigid cylinder. The intrinsic assumption used in their
analyses (Chen and Yu, 2005; Rogowski and Kalinski, 2007) was
that the contact shape is similar during the separation of the in-
denter from the piezoelectric material. Such an assumption has
been used in studying the adhesive contact of elastic, isotropic
materials (Johnson et al., 1971; Yang and Li, 2001) and is plausible
for the loading axis is parallel to the axisymmetric axis of piezo-
electric materials. For the indentation of piezoelectric materials
with the loading axis being not parallel to the axisymmetric axis,
it is unclear if the contact shape is similar for the adhesive contact.
Also the contribution of surface energy to the adhesive contact of
piezoelectric ceramics generally is negligible due to large elastic
constants, while the capillary effect likely will become important
for the contact adhesion. Under such a condition, different bound-
ary conditions need to be used and new solution needs to be
derived.
There are several reports on the indentation-induced domain
switching in ferroelectric materials (Busche and Hsia, 2001; Cheng
et al., 2008; Deluca et al., 2010), including PZT-4 ceramic. It has
been pointed out by Busche and Hsia (2001) that ‘‘the stress level
alone is not sufﬁcient to induce domain switch’’ and the local stress
with the sign favoring switching possibly determines the domain
switching. However, it is impossible to quantitatively analyze the
indentation-induced domain switching without including thestress-induced domain switching in the constitutive relationship.
The contact mechanics of the piezoelectric materials with the
stress-induced domain switching is complicated and needs to be
further studied by introducing the terms related to the stress-in-
duced domain switching.4. Summary
Stress and electric ﬁelds play an important role in controlling
the electromechanical coupling of piezoelectric materials. A
three-dimensional ﬁnite element model was built to analyze the
indentation behavior of a transversely isotropic piezoelectric
half-space by a rigid, cylindrical indenter of ﬂat end, aiming at
examining the effect of the angle between the loading direction
and the poling direction on the indentation response of piezoelec-
tric materials. Two types of indenters were used in the analysis:
one was a conducting indenter and the other an insulating
indenter.
The ﬁnite element results revealed that both the indentation
load and the magnitude of the indentation-induced potential line-
arly increase with increasing the indentation depth. The propor-
tionality for the linear relationship between the indentation load
and the indentation depth depends on the angle, type of indenters,
and piezoelectric properties of materials. In contrast to the load–
displacement relationship, the proportionality for the linear rela-
tionship between the indentation-induced potential and the inden-
tation depth is only a function of the angle between the loading
direction and the poling direction, independent of the type of ind-
enters. Semi-analytical relationships were established between the
indentation load and the indentation depth and between the
indentation-induced potential and the indentation depth. These
relationships may be used in the indentation technique to measure
the relative direction of the loading axis to the poling direction
(axisymmetric axis) of transversely isotropic piezoelectric
materials.
This work provides a simple relation between the loading direc-
tion and the poling direction for the indentation of transversely
isotropic piezoelectric materials. In general, it is worth comparing
the simulation results to experimental results, in which the inden-
tation direction is different from the poling direction. This requires
experimental study to examine the effect of the poling direction on
the indentation behavior of piezoelectric materials.
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